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ELECTRONIC STRUCTURE CALCULATIONS OF 
HIGH T, MATERIALS 

W.M. TEMMERMAN, P.A. STERNE, G.Y. GUO and Z. SZOTEK 
SERC Daresbury Laboratory, Warrington WA4 4AD, UK 

(Received January 1989, accepted February 1989) 

We outline the computational methods used to perform accurate and reliable LMTO-ASA (Linear 
Muffin-Tin Orbitals in the Atomic Sphere Approximation) calculations within the LDA (Local Density 
Approximation) or LSD (Local Spin Density). In particular we discuss the evaluation of Brillouin zone 
integrals, reconstruction of the electronic charge densities, evaluation of the total energy and convergence 
of the self-consistent-field cycles. We also elaborate on how the LMTO-ASA code makes use of the vector 
and parallel aspects of the new computer architectures. Finally, we present results of antiferromagnetic 
calculations for La, CuO, , La, NiO, and Y Ba,Cu, 0,. 

KEY WORDS: Electronic structure, high Tc, muffin-tin, local density approximate, local spin density 

1. INTRODUCTION 

The quantum mechanical study of the electronic structure of solids is usually perfor- 
med in a mean field way either through a Hartree-Fock (HF) approach or Density 
Functional Theory (DFT). In contrast, the successful application of Configuration 
Interaction type of approaches is only limited to molecular and fully ionic crystals. 
The HF and DFT differ in their treatment of the exchange and correlation. H F  
incorporates the exchange exactly and has various schemes to include correlation 
effects. The DFT on the other hand treats both the exchange and correlation on equal 
footing but in an approximate way. From a computational point of view the DFT in 
its various approximations such as LDA (Local Density Approximation) and LSD 
(Local Spin Density) is easier to implement for complicated systems since it leads to 
local potentials. However there have been some recent implementations of the H F  
method for complex crystalline systems [ 11. This article describes how to perform 
reliable and accurate self-consistent field (SCF) LDA/LSD electronic structure cal- 
culations for complex solids with the linear muffin-tin orbitals atomic sphere ap- 
proximation method (LMTO-ASA). As an example of this we will discuss our work 
on antiferro magnetism in high T, materials. 

The outline of the paper is as follows: the second section gives a brief introduction 
into the LMTO-ASA band structure method. The third section contains the import- 
ant ingredients necessary to have a reliable and accurate LMTO-ASA code for 
complicated systems. The fourth section contains our results of antiferromagnetic 
band structure studies of La,Cu04, YBa,Cu,O, and LazNi04. Section 5 has our 
conclusions. 
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1 54 W.M. TEMMERMAN ET A L  

2. THE LMTO-ASA BAND STRUCTURE METHOD 

The foundations of DFT are two theorems due to Hohenberg and Kohn (HK) [2]. 
They can be stated as follows (in atomic units): 

where H is the Hamiltonian of a system of N interacting electrons, T their kinetic 
energy, U the electron-electron Coulomb repulsion and V some external potential, for 
example the Coulomb attraction of the nuclei. First HK showed that the external 
potential is a unique functional of the electron density p(r), and hence the properties 
of the groundstate @ of an inhomogeneous interacting electron gas are unique 
functionals of the electron density. Second, they showed that ( 0 I fl  0 ) = &] is 
a minimum for the true electron density. Kohn and Sham 131 then showed that this 
minimization leads to N effective single-particle Schrodinger'equations: 

( -  V' + V(r) - E , )  t,h, ( r )  = O 

e(r) = xl$l(r)12 %= - El) 
I 

Ex, [Q] is the unk own exchange and correlation functional of the charge densii 
the local density approximation one writes: 

Exc[el 2 I d'r Q ( r ) e  (e(r1) 

. In 

(4) 

where C !  (x )  is the contribution of exchange and correlation to the total energy (per 
electron) in a homogeneous, but interacting, electron gas of density e(r). This quantity 
E::! [21] can be determined to sufficient accuracy. 

It follows then that in solids, Equation (21, which is a set of self-consistent equations 
in the charge density, has to be solved for a periodic arrangement of external 
potentials. This can be simplified by making use of the lattice periodicity. However, 
this still leaves us with a formidable numerical problem which we will further simplify 
by assuming that the potential V(r) is spherically symmetric within overlapping 
Wigner-Seitz spheres. This 1s the so-called atomic sphere approximation or ASA [4, 

If we then choose a linear combination of the solutions 9 of the radial Schrodinger 
equation in the ASA, which are called the muffin-tin orbitals, and their energy 
derivative 6 in an expansion of the wavefunction, then application of the variational 
principle leads to the following generalised eigenvalue problem for the energy eigen- 
values and wavefunctions Yk,nr where k refers to the k point in reciprocal space 
and n the band index: 

51. 

(flL - & k n  OkL ) a:. = 0 
and 

$k,n = LA:" (&kn) 4; L (r) + Bkn (&k.n) 4; L (r)l yL (r) ( 5 )  
1.L 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
5
5
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



ELECTRONIC STRUCTURE CALCULATIONS OF HIGH T, MATERIALS 155 

The indices L and L' are the angular momenta quantum numbers I,m. The index i 
sums over the different atomic spheres which make up the unit cell. The Y's are the 
spherical harmonics, & is the solution of the radial Schrodinger equation in ASA i, 
energy E, and angular momentum I ,  6 is the energy derivative of 4. For the detailed 
form of the Hamiltonian H, the overlap matrix 0 and wavefunction coefficients A and 
B we refer the reader to formulae (5.46), (5.47) and (6.30) of Skrivers' book [5 ] .  

The advantage of this particular basis set method is that the matrices are small. 
Because of the ASA, the matrix elements of H and 0 are analytical functions of the 
logarithmic derivatives of a single atomic sphere wavefunction, 4, and the solid state 
effects enter through the structure constants which depend only on the crystal struc- 
ture. We note that the basis functions I$ and 4 in (5) are independent of principal 
quantum number n.  In circumstances where one wants to generate the band structure 
over an energy range which would include bands of different principal quantum 
number, such as is the case for the calculation of occupied and unoccupied band 
structures, one should include in the basis set the basis function of corresponding to 
these different n. The size of the generalised eigenvalue problem then scales according 
to the number of principal quantum numbers included. In that case one might 
consider a non-linear band structure approach, such as the KKR and APW partial 
wave methods. In these methods the matrix size remains constant, but they have a 
complicated non-linear energy dependence and the eigenvalues are obtained by 
finding the zeroes of the determinant of the KKR or APW matrices. 

3 .  ON THE LMTO-ASA CODE 

Figure 1 gives a flowchart of the SCF-LMTO-ASA code. We will discuss the features 
of the calculation which we found very important in obtaining an accurate and 
reliable code. One starts with an input Yl", usually obtained from atomic charge 
densities which are suitably normalised over the atomic sphere. Given this input 
potential the generalised eigenvalue problem (a in Figure 1) is solved via standard 
numerical techniques (such as Cholesky decomposition) and codes (the EISPACK 
routines: HTRIDI, IMTQL2 and HTRIBK). This is an adequate procedure for the 
matrix sizes we are dealing with (of the order of 100). In step b of Figure 1 we collect 
all the energy eigenvalues and vectors for a summation over the Brillouin zone (k sum) 
and over band indices (n sum) to determine the charge density. To perform the k sum 
the irreducible Brillouin zone wedge is divided in tetra hedra. At the vertices of these 
tetrahedra the energy eigenvalues and vectors are calculated. On the basis of a linear 
variation of the energy eigenvalues over the tetrahedron [6, 71 analytical expressions 
for the contributions of a particular tetrahedron to the density of states and integrated 
density of states can be obtained and are given in Table 1. One can derive expressions 
for the higher energy moments of the density of states: we determined expressions for 
up to the third moment with the help of the algebraic manipulation package RE- 
DUCE. Out of the value 1; from Table 1 we can define weight W as follows: 

4 

K>,, = 1 c c : n m  - k,).  
tei I = I  

The first summation is over all the tetrahedra spanning the irreducible wedge of the 
Brillouin zone and the second summation is over the four vertics of each tetrahedron. 
The Brillouin zone integrals of the wavefunction coefficient then become the following 
k sums: 
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Figure 1 Flowchart of the SCF-LMTO-ASA program 

The charge density for the i l h  site ln the unit cell then becomes: 

e' (r) = 1 WL12 (4: (rN2 + I & 1 2  
L 

x ( 4 4 . L  + (A,*BL + BL* AL) 4 L  (r) &.L @>I 
An alternative method of calculating the charge density via a moment expansion of 
the density fo states (expression (6.41) in Skriver's book [51]) was found to give a 
substantial slower convergence of at least twice as many SCF cycles. This is because 
expression (6.41) does not span the Hilbert space defined by 4 and c$. 

One of the most important ingredients in the rate of convergence i s  the mixing 
scheme to obtain from the output charge density go"' a new input charge density &, 
[step c in Figure I ] .  A vast literature on the subject exists and an excellent review of 
the various methods is given by Pickett [8]. We found it adequate to implement a 
generalization of a simple linear mlxing due to Anderson [9]. This scheme uses a linear 
combination of input and output densities of two successive iterations (M-1 and M) 
to give an optimized input $" and output $"': 
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I58 W M TEMMERMAN ET AL 

gpi!  = d M ,,inlnuii L M  f (1 - 8,) &(?;' 

and t l ,  is determined by minimizing the distance A 

A(r) = (e""'(r) - g'"(r)) 

between &'I and @$ (i.e. convergence is obtained when $;' = 6;) which leads to the 
following expression for OM : 

[ dr [AM-, (TIAM 1 ( f)  - (r) AM (r)l 
dhl = j dr[dM (r) - - I ~ 1 '  

The new input charge density is then obtained from 

e;+, = i. 6;;' + ( I  - i.) GG 
where we treat i like the mixing parameter in the simple linear mixing scheme. More 
sophisticated mixing methods are available such as Broyden's method [ 101. 

The quantity which converges first should be the total energy since the functional 
El,,,, [el is minimized by the true ground state density e(r). However care has to be 
taken by using a total energy expression which is truly variational. This is especially 
the case when using a total energy expression which incorporates the one-electron sum 
which is not a functional of either the input or output density alone [ I  1. 181. The 
LMTQ-ASA variational total energy expressions are: 

E = En ( c ) d ~  - j V i  go'" dr + + j Q'"' dr - pxc [Q'"]  eou1 dr 

+ 1 cXc [ Q ~ " I I  gout dr + i [E,, [PI - E,, [ ~ , o , , ~ ~  ecore dr + E M A D  

1 
E M A D  = - ['Z' 2 ion v$AD z!on + f q:',";' %%D q::;J- ql";; VbAUq$.J1 s"' 

where Z and q are respectively the charge of ion core and the electronic charge of the 
valence electrons. We also made use of an analytical expression for the first moment 
of the density of states or the one-electrnn sum. 

In summary. we obtain a fast and reliable covergence within the LMTO-ASA 
scheme by making use of analytical expressions, derived within the linear tetrahedra 
method, for the Brillouin zone integrals. evaluating the charge density from the 
wavefunctions, a better than linear mixing scheme and finally by evaluating the 
variational expression of the total energy. 

4. APPLICATION: ANTIFERROMAGNETISM IN HIGH T, MATERIALS 

The parent compounds of the high T, materials are antiferromagnetic insulators. 
Doping, either through substitution on the La metal sublattice or through stoichiome- 
try on the 0 sublattice makes these materials high T, superconductors [12, 131. There 
is experimental evidence that upon doping 0 holes are created [14]. What is presently 
under debate is whether the 0 holes are of dp  t~ or dp n character and whether their 
symmetry is pK,!  or p ,  or a mixture [15]. 

In Figure 2 we show the density of states of LalCuO, in the orthorhombic structure 
(space group Cmca or Bmba) decomposed according to symmetry and site. We note 
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ELECTRONIC STRUCTURE CALCULATIONS OF HIGH T, MATERIALS 159 

-8 -6 - 4  - 2  0 2 
Energy ( e V )  

Figure 2 Total density of states, and its site and symmetry decomposition in body-centred tetragonal 
La, CuO, . 

from these densities of states the very strong hybridization of the Cu d bands with the 
0 p bands, giving rise to a bandwidth of 9 eV. Because of the substantial distortion 
of the CuO, octahedra, a Cu-Oplanar bondlength of 1.89 A and a Cu-Oapex bondlength 
of 2.42 A, there is a big difference in the densities of states of the planar 0 and the 
apex 0 and also of the Cu tZg and eg orbitals. We find the Cu t,, orbitals more localised 
around a peak at - 1.4 eV binding energy than the eg orbitals which extend over a 
bigger energy range. The hybridizing Cu dx2-y2 and the planar Op,, are the only 
orbitals contributing substantially at E ~ ,  and these are the orbitals which give rise to 
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(1000 /N, I 

Figure 3 The self-consistent antiferromagnetic moment on  each Cu site (a), and total energy (b), versus 
the number of k points inside the irreducible 118 of the Brillouin zone of the body-centred orthorhombic 
La2Cu0, The lines are merely a guide 10 the eye 

the 9 eV bandwidth. The Cu d,: orbitals hybridise with the apex Op, bands and are 
occupied with no contributions at E ~ .  The apex Opx,, is essentially non-bonding and 
extends from - 1.7 eV to - 4 eV. The planar Op, band is split into two by its interaction 
with Cu t,, bands: one peak at - 4.7eV, the other one at - 1.4eV. The La bands 
hybridise over the whole band width in their role as electron donors. 

The LSD calculations fail to describe La,CuO, [16, 171 and YBazCu,O, [I81 as 
antiferromagnetic insulators. Even though the Fenni energy lies in the middle of an 

Table 2 Total energy and its decompositions of the b.m-centred orthorhombic La2Cu0, in the non- 
magnetic and antiferromagnetic states, calculated using 80 k-points inside the irreducible Brillouin Zone 
wedge in the Brillouin Zone integration 

Mag. .slate Em, Ehd E, ,  EL Mag. moment 

(a) -314.641 - 46.452 -76.619 - 191.570 0.0 
non-mag. 

(b) ~ 3 14.442 -46.455 - 76.619 - 191.568 0.1 17’ 
AF 
(c) - 3 14.632 - 46.731 - 76,681 - 191.220 0.348b 
AF (non-SC) 

( Ryrn 1 (R!ds j i RVdY) (Ryi1.v) IPlaICUi - 

* I t  reduces to ihe negligibly small value when more k points are included in the Bnllouin Zone Integration (see fig 3) 
Nan self-consistent moment. see text 
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anti-bonding Cu dX2-y2 0 px,y band, a Peierls gap does not open u p  when allowing for 
an antiferromagnetic ordering between the neighbouring Cu spins in the [ 1 101 direc- 
tion. The convergence of the total energy as a function of the number of k-points is 
readily established as can be seen from Figure 3. However whether there will be a 
residual small magnetic moment or no moment at all could not be decided from this 
figure. In Table 2 we compare the various contributions to the total energy. From this 
we see the competition between ECoulomb on the one hand and Ex, and Eband on the 
other. By either increasing Ecoulomb or increasing Ex, + Ebdnd an antiferromagnetic 
insulator could be obtained. Whilst the common wisdom seems to be that LSD 
calculations under-estimate Ex, [16, 171, we discussed in [18] the strong dependence of 
the electronic and magnetic properties on the charges in the Cu and 0 spheres, i.e. 
ECoulomb. Therefore the problem could as likely be an under-estimation of ECoulomb. 

The tendency towards magnetism can usually be enhanced by expanding the lattice. 
The reasoning behind this is that the magnitude of the U/W ratio, where U is the 
on-site Coulomb interaction and W the bandwidth, determines the magnetic proper- 
ties. Whilst U is predominantly an atomic quantity, hardly affected by its solid state 
surroundings, W can be decreased by expanding the lattice. By performing calcu- 
lations for La2 CuO, on an expanded lattice (and also a contracted lattice) we could 
not find any substantial change in the magnetic moment [18]. This surprising result, 
together with our observation that the magnetic properties were more sensitive to the 
charges on the Cu and 0 spheres, made us turn to study the magnetic properties of 
La2Ni04 which has the same structure as La,CuO,. 

In LazNiO,, the strong hybridization of the metal (Cu) and oxygen bands does not 
occur, and the Ni d band is separated from the 0 p band, with the 0 p band at higher 
binding energy [19]. The Fermi energy crosses both the Ni d,2-y2 and d, bands. For 
La2Ni0, the antiferromagnetic state is the ground state with a moment of 0.7 ,uB. On 
expanding the lattice this moment saturates to 1.2Pg (Table 3). 

Whilst this behaviour on expanding La,NiO, is what one would have expected, we 
find also that by distorting the octahedra the magnetic properties are substantially 
changed. In particular, decreasing the Ni-Oapex/Ni-Opla~dr ratio from I .I6 to 1.08 the 
moment in LazNi04 increases rapidly to 1.2 pB. Moreover at a ratio of 1.08 the system 
goes through a metal-insulator transition (Figure 4). Decreasing this ratio further 
from 1.08 to 1 .OO the moment slightly decreases because unoccupied La s/d states start 
crossing Ef. These states can be pushed up again across Ef by tilting the octahedra. 
That the magnetic and electronic properties are so sensitive to the distortions of the 
NiO, octahedra is because by changing the relative NiO bondlengths one changes the 
position of the d,, bands with respect to the dX2-y2 bands. We find that at a ratio of 
1.17Ni minority d,, states are occupied and majority dx2-y2 are unoccupied. By 
decreasing the bond length ratio the minority dz2 are pushed up in energy. At a ratio 
of 1.08 all the minority dT2 states are pushed through Ef and an energy gap between 
the majority and minority e, bands opens up. 

Table 3 The calculated local spin moment M, (in pB) per formula unit in the antiferromagnetic La2Ni0,, 
versus its lattice constant a (in A) for Ni-O,,,/Ni-O,,,,,, = 1.11. 

a 3.816 3.855* 3.894 3.932 3.971 4.009 4.048 4.086 
M, 0.696 0.732 0.844 0.914 1.018 1.088 1.138 1.159 

‘denotes the experimental lattice constant 

M.SIM.-F 
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v, 

0 96 1 0 0  1.04 1.08 1.12 116 1.20 

Bondlength ratio R 

Figure 4 (a )  Spin moment. site decompositions and Stoner factor 1 versus the Ni-O,,,/Ni-O,,,,,,, 
bondlength ratio. and (h)  net charges on various ions and total spin moment as a function of the 
?4i-O,+, NiLO,,,,,,,$, bondlength ratio. in the antiferromagnetic and orthorhombic La, NiO,. 

5. CONCLUSIONS 

With these improvements to the LMTO-ASA code, calculations for large unit cells 
can be performed reliably and accurately. Calculations for up to 56 atoms per unit cell 
were performed. For the antiferromagnetic calculations of La,CuO, and La,NiO, 
which have 14 atoms in the unit cell it took approximately 15 iterations to converge. 
Of course this number depends very much on the quality of the initial charge density 
used. We would use the converged charge density of R nearby lattice constant. Star-ting 
from 'scratch', i t .  suitable normalized atomic charge densities, would take at least 
double the amount of iterations. For LazCuO, and La,NiO, the Hamiltonian size was 
154 x 154 and we took 150k-point in the irreducible lj8 of the orthorhombic 
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Brillouin zone. These calculations, for 15 iterations, took 5 hours of Cray-XMP time. 
Figure 4 contains 9 such calculations and represents 50 hours of Cray-XMP. These 
calculations were multitasked. We used 3 tasks, each task solving the energy eigen- 
value problem at a different k-point in the irreducible Brillouin Zone. This gave rise 
to 98% of parallelism. 

The LSD seems to give a reasonable description of the electronic structure of 
La,NiO,. There are several predictions from our calculations which could be verified 
by experimental studies. A possible implication of our results is that the LSD is valid 
for LazNiO,, and the ‘problem’ with LazCuO, would arise because of inaccuracies of 
the LSD and/or LMTO-ASA have the same energy value as the energy gain in finding 
the antiferromagnetic groundstate for LazCuO,. This would mean that the oxygen 
holes would have pd CT character, with twice as much planar 0 P , , ~  as apex 0 pz. 
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